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i . INTRODUCTION
The present report is the second quarterly report under Contract NASw-1866
and covers the period June 1, 1969 to September 1, 1969. The problem being considered
is the boundary layer that will develop over the segmented electrode wall in an MHD
Channel when a ron-equilibrium plasma is flowing.
As a result of work completed under NASw-1586 we have developed a
theoretical analysis for a non-equilibrium boundary layer explicitely taking into account
the electron temperature differential equation and the plasma sheath. This analysis was
developed using a finite difference format so that finite electrodes along a wall could
be treated in a non-similar manner.
The present program seeks to extend this earlier study to include finite
ionization and recombination rates in order to make the analysis apply in a more realistic
way to physically important situations.
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The present report is the second quarterly report under Contract NASw-1866
and covers the period June 1, 1969 to September 1, 1969. The problem being considered
is the boundary layer that will develop over the segmented electrode wall in an MHD
Channel when a ron-equilibrium plasma is flow;ng.
As a result of work completed under NASw-1586 we have developed a
theoretical analysis for a non-equilibrium boundary layer explicitely taking into account
the electron temperature differential equation and the plasma sheath. This analysis was
developed using a finite difference format so that finite electrodes along a wall could
be treated in a non-similar manner.
The present program seeks to extend this earlier study to include finite
ionization and recombination rates in order to make the analysis apply in a more realistic
way to physically important situations.
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REDUCTION OF GOVERNING EQUATIONS TO FINITE DIFFERENCE FORM
In our first Quarterly we repo6ad on the proper development of the funda-
mental equations governing an MHD boundary layer with non-equilibrium and finite
ionization rates. It was then shown how these equations could be transformed to new
variables
	
and
	 to simplify the solution of the problem.
During the second quarter we have reduced these transformed equations
to finite difference format. As before we write all four difference equations in the
following compact notation.
A n Wn+1 + Bn Wn + Cn Wn-1 = Dn
where
m+ 1, n
W =	
gm+1, n
n
Gm+1, n
oC. m+1, n.
{
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=
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The individual matrix elements are for the most part new and revised and are
tabulated below:
Momentum Equation
A 11 fm+i,n+l + B 11 f m+l,n + B 12 g m+l,n +'C 11 f m+1,n-1 _ D1
where
VAS- _	 .(^ ©► 	 _	 .Q L1 ^5A11 8 
©f 9L 4jf, (©4L)	 8S f,a 7L
_ +^ du +
.	
B 11	 1	 2 u.n
	 d	 2S f' (A )
du
e
	
12	 2 ur, f
	 d
C11
VA	 a	 IRA
8 fA	 45 f , (A ) + g f'(4()
FY	
-	 dui	 VAS	 L1	 dv.
It^'	 1	 m.n2u	 dj	 4S f'	 2u., f d ,	 m,n
IAA
+ 4S
	
f+	 g f"- f
i
t
t
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k
ri
Energy Equation
A 21 " m+l,n+l	 + A 22 gm+1, n+1	 + A 23	 m+1, n+1	 +
A24 6< m+l, n+l	 + B21	 m+l, n + B 22 g m+l, n
+ B 23 em+l, n + B 24 C^ m+1, n + C 21 f m+l, n-1
+ C22 g m+l,n-1	 + C23 e m+l,n-1 + C24 ^m+l,n-1
D2
^.	 -	 4A	 22.S21	 P	 C p 
Too
	
d,
A22 =L 1 	V-	 2P -11,--( P	 )R	 't.	 R
_A- - L 2 ^1 Te.c+	 +	 ' ^e.o + 5	 ^ k Teg y^23	 1	
.4,^ T
	
Tm	 2	 (POK) r u.^Cp
 T  ebe
A24 = 0
21	 2 g m,n
29	 dT«o	 +
	
du..o
C	 T	 p	 d9
	
u.	 d
Ya	 Bz
(P^ )r^^	 ^^'p
B	 =1+4(
	
L1 + ^ L	 (C	 dT^ +LL 	d^-,.L
22	 PR) ©9Z	 CA To	 2	 P	 d ^	 .o	 d ^	 (^//ct)r^',au®u m, n
iv
.Z
1	 a- Ex20 + -V-WQ+Be
(P^ )r^^, ^^	 2
^
,^,	 ^► oCti rec -o	 m	 ^n	 2	 vG V. m, n )
(p^Gc A. L ^o Mc gm ^ n ® m ^ n	 2 P - "^ eq , m, n
B	
= 4 L 1 ^► e23	 Q	 Too 
+.^► 22	 2 T .o ^. r^e, clo *^. m n
C T w L 2	 l^"^' m	 - ^. ® ap	 (P/'u)r	 .o c	 gm,n m,n
M,,,, n	 ( 2P - cLeq , m, n 2	 k To 	 ®m n	
r
4	 4 m n• 
B	
z	
o^ rec ..* ©C e, m n- 3o(m nL ( )	
m 
s ( 9%	 9 09W )
	
24	 CP T„ 2	 tc r
	 c	 m, n
	 m, n
	
22	 1	 PR	 A
	 PR
C 	 Te ao * 5	 Te 'y 	2	 e
	23	 1 T pro	 2 (^►^  )r u'.o Cp T., a	 (At) T
C 24 = 0
...
-7^
L	 8....,.,.V,_._
L s d
2 f
-8
I
. 2m, n
	 2	 (PR	 8	 PR ^► ,	 T"
+ 	 Te •a + 5 _ 2 91 k Te 00 i y e&(	 T .0	 2	 (	 )r u... C Too e 8 ,
f.
+	 cr- N..	 1 + s)
C T..^ (	 ) gm, nP	 P^ r //^^ 
2	 2I Aa	 rec. ).Ao	 crC m, n
Cp TeaW& )r	 , , me	 8m^n ® min	 4	 (P	 eq. m,n)
-+ I	$	 11( 2	 k T
	 )	 eq'n
	 nn	 mems, m,n
	
^	 4
d^
where
1
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Electron Energy Eg action
A31 f m+l,n+l + A 32 g m+1,n+1 + A33 em+1,nf-i + A 34	 m+1,n+1
X 31 f m+ t n + B 32 g m+1 n + 8 33 em+ n +i,	 34	 m+1 , n
+ C31 f m+1,n-1 + C32 g m+l,n-1 + C 33 ®m+1,n-1 + C 34	 m+l,n--1
a D3
A31 = 0
s:
%A	
8 m, n
	 k Te -o { A )r o w	
^/ - k ^ m u•.32	 1 — 	 ..r...	 .----b m, n	 me	 m, n	 e
A	 k Te ,^ ^.A u.	 r r,^	 V -	 LL^	 r33	 1	 2 m
^	 m, n	 2
	
c	 5
T
( A	 fry 2 
^	
r
A =	 k ao	 M a	 8m,n
1	 1 v	 "^ mr n
r
31	 2	 2	 m n m n	 -Z; dS m C	 i
o
i
	B 32  , _ .k Te «+	 r ^•^,	 +^ m, n	 m, n
	 L 2 3	 Te ®m -^	 x ( 2
	
r ,n )
	
2	
me 	 gm, n
ti
c	 ^m^n 8m n m,n	 P^q,	 q IM, n
or	 M
m,n
x^	 ^
as
^	 me	 ^
B	 =-.---e '.o^ ^o wu^. ^.	 r aC
	 +	 k T^  «o u-^'+ (	 )r33	 2"^ m	 min L 2	 m	 r'. % n
	 m n xMC 	 1 c
T d 	
.a	
+ L 2 ( 2 k el m n + xe	 P	 , S)
2
..	 ^	 2 - .^A	 rec .^ x	 m n	
.^....-
 
eq. m, n 3_ ^s	 4m	 ®--7-•	 (2 P - 
,.^ eq , m, n) ( 2	 k Tee, 	 x'G	 0/ SLc	 gm, n	 _m^ n	 ,.
q. L 
	 C	 T
m, n. 4 	 m, n 4© #1 12
+ L2 3m -- k IP-° Te'0 CA  n X
	
c	 '	 S	 ms
34	 2 .^ me	m,.n	 m, n	 T	 d	 --p
N
+ ( 2 k Te ^ 6 m, n + ^) ^ oC rec^	 1	 (aC eq - 3 ^.^
me	 8 m n 'Drn, n	
m, r1
	
m, 
n
r
+ 3 ~- k100 e. E es ('8Tomms m	 m,n gm,n	 )
	
c	 s	 TeQa
6
6t3 1
 • ` 4
32	 32
C 33	 L 1
	
2	 me	 o min V+	 ( A	 )
c
	
Mee 3	 k Te ..
	
2	 e
C 34'
	 _ A34
^k T	 tiD3 • -
	
2
I m	
min ( em,n + L 2 V ®t
c
	2 m n m n m,n	 /2	 m^ /	 T	 d	 d '
	
c	 e^	 Pte 
+ L(- k e.^, 9	 + ) ? ^ 'p rec ^ m n2	 2	 m,n	 I m
	
g 'z 8	 4	 m,n
c	 m,n m,n
15 _ (P
 - A eq. m, n) X ( 5 +
	
eq
4	 (2P _ A eq. m, 	 2	 k e^,em,n	 m,n
+ k Te.. ( r D^ v(	 ®
	
[I- L22VV
2 m m,n m,nG
c	 gm,n
+ .^uaCp our T. e:0. L	 e	 +^^82	 2Z
T	 OL
+	 u, , 3	 Y^ L2 ® + (Q. E + .!	 (1 _ ^e )i L2 gm,n2	 e^^	 t	 l	 j
e	 ^V2	 m,n 2 1 g	 o{m,n	 m,n
F
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Electron Density Equation
A41 f m+l, n+l + A42 gm+1, n+1 + A 43 ^m+1, n'.	 A 44	 m+1, n+l
+ 641 fm+ l , n + 642 gm+ 1, n + 643 em+ 1, n +6 44	 m+ 1, n
+ C41 m+l,n-1 + C42 g m+l,n -1 + C43 0m+l, n-1 + C 44 ^m+l, n-1
D4
A 41 = A42 = A 43- - 0
641 - 0
C ol - C	 042 - X 43 = 
A	 V44 = L 1 
C 44 = - A 44
6	 L	 4 g oo a( rec 1.	 cA m, n	 eq . m, n	 )
42	 2 ( /^^c)r u.	 m^	 gm^ n 9m,  n	 2P - c< eq. m, n	 m, n
4 ^ rec mo	 v( m, n	 9	 2 (P - of eq . m, n)
6 43 = L 2	 ^,c
 )r tk L m^	 g	 8 a	 4	 (2P - d. eq . m, n)
m,n	 m,n
y2( 3 +
	 °^
82	 k T	
eq .m n - 4
	
m, n
. e— m, n	 .
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. PROGRAMMING
Reprogramming of our earlier computer program for the IBM 360/75 has
been completed. Some additional checks of accuracy are being made as the 3601'75
used a 32 bit word whereas the GE 635 used a 36 bit word. This results in a loss of
one digit of accuracy, and in some cases may be significant.
The new computer program for the finite rate problem has been written
and compiled, and is being checked out. A listing of this program is enclosed with
this quarterly report.
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IV. REVIEW OF SHEATH ANALYSIS	 .
The boundary conditions that we have used so for are based on the matching
of electron particle flux and electron energy flux at the interface between the continuum
region and the free-fail region.
	 This model is valid as long as the Debye length is much
smaller than the smallest of the mean free paths, i.e, the electron-neutral mean free
path.	 However, even in this case there still exists a transition region between the
continuum and the free-fall regions.
	
It is expected that, in this transition region, both
the potential and the electron number density undergo a re-distribution; these quantities
naturally match there values in the continuum and the f we-fall regions in addition to
.	 the matching of particle and energy fluxes.
	
Unfortunately, in order to investigate the
transition region we have to use a kinetic theory approach and also take into account any
change separation.	 The formulation is therefore extremely complicated.	 Bienkowski
(Physics of Fluids, February, 1967) has concluded, on the basis of the asymptotic behavior
of the equations, the existence of two transitional layers; but he gave no calculated
values which can be only obtained by the numerical integration of a set of non-linear
differential equations. 	 We are exploring the
,
 possibility of solving several typical
situations using the actual parameters of our problem in order to evaluate tke accuracy of
our assumed boundary conditions.
1
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V. FUTURE EFFORTS
During the second quarter our principal effort was to formulate the new
finite difference equations for the finite rate problem and to reprogram these new
equations. This has now been completed.
A second effort was to review the sheath model that we have been using
to establish our boundary condition on Te .
In the immediate future we plan to concentrate on numerical calculations
using our two computer programs. We will also formulate the problem for the insulator
wall its contrasted to the electrode wall which we are studying now.
i
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•('K 9 L-1r	 C ► C1 ► F'I,:1K` p t'rY(1.	 `I t TE 9DU N'	 JW; tEK51S9FKSI 
C'U	 1( 7	 G: ,;'K^ I
..	 _..._ V./C(.V"l/	 e ;-t 1,144(4)9 V(V l o.' 	 t,WI. r(1'	 9,4)rY4{I::'Jv941r.Ttt_KSIt1
COMMW-4/Ci.l. 51	 CL; ,tiST, -.E'1, if 2 9tF' _' v H '4	 9r'W'RIT rKK j NK t N.QT>t i
N, TI	 N'P
	 I NT v `4 T A,, 9 h V M N
C Rf-TU
	
N	 NLi:;.	 FCk	 STINT ICE NLXT	 CASE
ts C^f:i.^G..
NRTIST	 =	 1
^1 T I ^-i ^' 4
NK - 1
[l6	 =	 I	 3bF-23
EM	 -	 9 .1'^ 7r_ - 3
.__..__..
EC	 =	 I,. t,'. PE- 1 cj
Cl	 =	 .42E 24,
' P1	 =	 3.141	 .
AKCI - 8.854E-12
.)	 -	 •^ .
R	 E.317f-3
CAL	 C'IN
4:^ GALL	 s`UGF:1
	
_	 _	 _..
	
_	 _......,..._..	 ..	 _	 ...	 .__.	 _.	 ..	
...__._	 _
= TW/T
_..,._..S.MVIH(2) .EKS P
	..,	 ..	 ..	 ......	 _._.._..._
50 N
CALL NXTLST
6 % tS	 =	 1
CALL NXTLST
_
7'. N= N,+-1
CkLL
	
ABCC
CALL	 E!«'K
IF	 (NPTST-NI)	 6vr8vr90
8 CALL
	
TEST
NRTS T - N
IF	 (CONST)	 9%:,2'-r:,200 
9..
 I F ( N - 9 S 7 )	 7 .	 ? 1.' ,11 ^^
C CC)NVERGE^.CE	 ^)UT	 t'.1'TAd^dEf^r	 PkIi^T
	
AND	 GO TO	 NEXT
	
CASE
110 WR ITE	 (69-'C,3)
CALL
	
'140SUB
GO TO 1G
C CGNV4kGf-f`ICE	 ATTAINED	 ,!^	 CAE	 P ROF IL E,	 TG	 XT	
2 'i- CAL!_	 WNSUB
2 r)2 IF	 (KK-NK)	 220t22"   r 2l l^
G I i ERATE	 UP	 TO	 (KK•• 1)	 TIMES
21C, NVPIN = 2
NK = NK+1
CALL	 V M NSUB (E5si )
. _..	 c^_._._._.__I
r^iRr A ^  i ^^ F A R r^ E x r --p h F^ ii.
N044  =	 !
=$ Nk%P I T
	
= NPL1
CALL	 Vt4N c U n (E 5 ,_)
IF	 (E:KS I M--EKS I)	 26 ' v 26	 , 4C
N=NWk I T-1
PUNCH	 9a_ (^9((W(I,J1,I=1,N),J=1,4
PUNCH	 9:", (V I I) , L=1 , N)
' WRITE(7,lv
	
11	 N
Gd	 TO
	
11'
II
,•^' 1F^?t'"AT (?ii
	 ' I t=, I4 )
FOW4AT (16H T TATS 4 LL f'CLKS)
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r
1
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C't A f) I
C 01', V C,, /CC.'1/ r(N1(1..181 ►
'1
	 FKSIS t ttiS0l, , r)KS It'Wtl t? 1 ► D fJat rzl1s ItbF LT
,UKSI
C ltv"C:r^/i,tN'Z/ Et;^a.,t1; t l^^'I t T N`Fk.i^(:i. l 9 C ATtS • I t f^ E.CSitS' )
	
S 1, 0ir#(Hf,V(Ii	 .41 T(1 `s, ► 4), :t1,..' ;.r4	 TbEK:It1,1
C0NST,E:4'1tt,P?tLP: ► EP49fE% ► vrt°,PLItN:v IT ► KKtN'K ► ^IRTSTt
? INTIN'~S,t`sPRINTtINTA,.9W-1'i
COO' 1 0N/CL. a61 ELLS t CL t EL,Nx,YArl.:: t Y:ti'•'t Y4K"iX ► PR,',.L< t PkN PRN X r.; GNX,
? 1'tf£ NiXtP.X ► C '-'NXt'3wTAX,nEI 	 C#PIZ
?tS"' ► dZt LF4NX
t7 I N,Ns I c N, F F t l l
NA1v F IS11 iAf1E1/00ELT} 9CKSIStEKSIt-; ► UKS'I9(XTAtcM-tsMr7IwcfCPtFEXIP
IIZ tCZt3Z t EEtkrEPl t E Fl t EP3tE P4
!iA P E;LI ST/ F%4 , 1E2/TF f')Z-ri(;rAT.._^	 s^:^	
_.^Y..__...'....., 	 ^,
► 	 rJ CJTt .;^txE:,S ^Ltit• ,7EERK,.I ► N^klz .
hAMEL I S1 /ivAt-1 E''/KK 9NTA8
R E A	 t 5, t4AME 1 1
R EAC ( 5, NAME2 )
7 K E 0.0 (5 t hAuE 3 )
WR I T E (69666)
6 FJFSM A 	 Tt1F FULLUW I NG IS A LIST OF. THE .. I N. PUT ^x ^x>x^'r 1
WRITE (69hA',!F1 )
WRI TE (6tNA NE2)
WPITE: t6,NAME3)
IF I NWR IT .rQ * u 1	 GO TO 8
READ( 5 t8 rS) (tW(ItJ)tl=ltWplkITItJ=1,4)
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.
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